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In this article we study the quench dynamics of Galilean and scale invariant many-body systems
which can be prepared using interacting atomic gases. The far-away from equilibrium dynamics
are investigated by employing m-body density matrices, which are most conveniently defined in
terms of a special basis - the conformal tower states. We explicitly illustrate that, although during
the initial stage of the dynamics all symmetries can be broken and absent in the unitary evolution
because of the initialization of the state, there is always an emergent conformal symmetry in the
long time limit. The emergence of this dynamic conformal symmetry is robust, and always occurs
- even when scale and other symmetries (such as rotational symmetry) are still fully broken in the
many-body states; it uniquely defines the characteristics of the asymptotic dynamics near a scale
invariant strong coupling fixed point. As an immediate application of the asymptotic dynamics
of the microscopic density matrices, we have focused on the effects of this emergent conformal
symmetry on two observables: the moment of inertia tensor, Iij(t), i, j = x, y, z, and the entropy
density field, S(r, t), in the hydrodynamic flow of strongly interacting particles. We show that the
long time behaviour of these observables is completely set by conformal symmetry, while the leading
long time corrections depend on interference effects between different conformal tower states. The
emergent conformal symmetry naturally leads to entropy conservation, and conformal cooling, an
energy conserving cooling of a strongly interacting gas during free expansion. When the interaction
Hamiltonian breaks the scale symmetry, we further demonstrate that there is a direct cause-effect
relation between conformal symmetry breaking in the long time limit, and a non-vanishing entropy
production. This suggests that the entropy production rate is a natural parameter for categorizing
the breaking of conformal symmetry.
I. INTRODUCTION
Far-from equilibrium quantum phenomena in the limit
of strong interactions have attracted enormous attention
in recent years. To fully investigate quantum dynamics,
it is necessary to have precise control over a quantum
system in order to prepare a wide range of interactions
and parameters for initialization of states. Thankfully,
such a platform does exist; atomic gas systems. A variety
of dynamical phenomena can be studied thanks to recent
technological advancements that have led to the ability to
masterfully control the atomic confining potentials, and
mutual inter-particle interactions [1, 2].
A particularly interesting subclass of dynamical exper-
iments is to perform a quantum quench to or at strong
interactions. This has allowed for the study of phe-
nomena like collective modes, expansion dynamics, non-
linear dynamics, hydrodynamics, many-body instabilities
in strongly interacting limits, and more [3–24]. Such situ-
ations naturally arise in atomic gases thanks to the con-
trol present in atomic gas systems. As we will discuss
later on, one can show that the effective Hamiltonian for
these strongly interacting systems may have additional
symmetries consistent with Galilean invariance, such as
scale and conformal symmetry, if the interaction Hamil-
tonian is tuned to a strong coupling fixed point which
represents resonant unitary gases.
Scale and conformal symmetry, as we discuss below,
are defined as the invariance of the equations of motion
for many-body unitary evolution under the following re-
parametrizations of the spatial and temporal coordinates:
r′i = rie
−λ t′ = te−2λ, (1)
for scale symmetry, and:
r′i =
ri
1− λt t
′ =
t
1− λt , (2)
for conformal symmetry [25–29]. In Eqs. (1) and (2), ri
is the position of the i = 1, 2, ..., N particle in the atomic
gas, and λ parametrizes the extent of the transforma-
tion. These two symmetries can drastically reduce the
complexity of the dynamics, and potentially allow one to
understand the dynamics of strongly interacting systems,
which are often theoretically intractable due to the lack
of a small parameter.
A thorough study of the role of scale and conformal
symmetries on the quench dynamics of atomic gases is
indispensable as it will also shed light on the general
properties of non-equilibrium phenomena near quantum
critical points that exhibit the same symmetries. For ex-
ample, these symmetries (Galilean, scale, and conformal
invariance) can also occur in a much broader class of solid
state systems near Lifshitz transitions around the bottom
of a band with aysmptotic quadratic dispersions, where
the Fermi surface topology undergoes a drastic change
due to varying external parameters [30]. Equally impor-
tant, the results of such a study can serve as a starting
point for future studies of more generic strongly inter-
acting physical systems that break these symmetries; i.e.
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2one can study the dynamics of symmetry broken systems
by comparing to their symmetric counterpart.
Below we are mainly interested in exploring possible
experimental signatures of scale and conformal symme-
tries. For this special class of scale and conformal in-
variant Hamiltonians, a number of peculiar aspects have
been investigated in quantum dynamics. The earliest at-
tempt to connect conformal symmetry to the dynamics
of cold gases was presented in Ref. [31]. In this work it
was argued that the breathing modes of a two dimen-
sional Bose gas in an isotropic harmonic trap would be
at exactly twice the trap frequency. Now it is known
this statement is only approximately true, as the two-
dimensional Bose gas is not scale invariant due to the
quantum anomaly [32–34]. Nevertheless, their result ap-
plies to any scale invariant system placed in an isotropic
harmonic trap.
Later, it was experimentally demonstrated that the
damping of collective modes for a strongly interacting
three-dimensional Fermi gas will have a minimum right
at resonance where one anticipates interactions are scale
symmetric [5]. This is a pleasant surprise because the
scattering cross section actually reaches a maximum or
infinite value at resonance which classically would have
led to a maximum in the damping rate. Moreover, this
situation occurs in the BEC-BCS crossover regime where
there are no physical phase transitions when varying
magnetic fields.
Another important consequence of scale and confor-
mal symmetry is related to the shear and bulk viscosity
of an atomic gas. For hydrodynamics that are character-
ized by a set of general-coordinate and conformal invari-
ant equations, it was theoretically demonstrated that the
bulk viscosities will vanish identically in the pioneering
work of D. T. Son [29]. Other approaches either based
on the conventional perturbative diagrammatic calcula-
tions, or the general sum rules also suggest a consistent
picture [35, 36].
Certain aspects of the hydrodynamics were investi-
gated experimentally for three dimensional unitary Fermi
gases by Thomas’ group [3, 9, 15]. In their experiments,
they were able to measure both the shear and bulk vis-
cosities by examining the expansion dynamics in the pres-
ence of resonant interactions. The expansion dynamics
were then modelled using a scaling ansatz consistent with
the hydrodynamic equations of motion [3, 9, 15, 37]. The
results of this experiment are consistent with the predic-
tions of Ref. [29].
Although the variational solutions to the hydrody-
namic approach are in good agreement with the exper-
imental data, it does rely on important inputs of phe-
nomenological parameters that can only be obtained via
other microscopic considerations, or sometimes by a sep-
arate analysis of the implications of general scale and
conformal symmetries. It further relies on the existence
and knowledge of thermodynamic-like equations of state
in far-away from equilibrium quantum phenomena. Even
with various inputs from other considerations being avail-
able, a full simulation of flow fields in most generic situ-
ations is very challenging, and severely restricted by the
current available computational power. Practically, one
usually has to introduce a very specific empirical ansatz
to model the hydrodynamic flow and compare with ex-
perimental data.
Evidently, there needs to be a transparent first-
principle-based microscopic view of why strongly inter-
acting many body systems behave in such highly surpris-
ing ways. This can be achieved by a density-matrix based
theory which effectively closes the extensive gap between
hydrodynamic phenomenologies and microscopic unitary
evolution of quantum many-body states. This is one of
the main objectives to achieve in this article.
More importantly, we address the question: in gen-
eral scale invariant critical phenomena, broadly speak-
ing, what is the dynamical consequence of the additional
conformal symmetry and its breaking? The possibility of
performing controllable quench experiments with these
dynamic symmetries further raises a few more unique
and fundamental questions.
1) In dynamics, generically all the symmetries of the
Hamiltonian can be broken by initial conditions. A rea-
sonable question to then ask is: which symmetries, if any,
can prevail in the asymptotic long time dynamics? Are
both scale and conformal symmetries re-emergent in the
long time dynamics, or are these two symmetries mutu-
ally exclusive and only one of them will emerge?
2) Secondly: if such an emergent symmetry does exist,
what are the experimental consequences of this symmetry
on the expansion dynamics of scale invariant systems?
Are the implications consistent with the hydrodynamical
flow studied experimentally before, and do the emergent
symmetries suggest new features that haven’t been fully
understood or observed previously?
3) Third: whether there is an explicit relation between
the prevailing/absence of space-time scale and conformal
symmetries and entropy conservation/ production. This
issue lies at the heart of hydrodynamics and is connected
to the bulk viscosity. Since these two symmetries imply a
vanishing bulk viscosity, can the entropy production rate
be a natural symmetry breaking parameter which char-
acterizes the breaking of the emergent conformal symme-
try?
In this article, we address these questions by showing
that for very generic initial conditions, where all the sym-
metries can be broken during the early stages of the uni-
tary evolution, the asymptotic dynamics of scale invari-
ant Hamiltonians, Hs, is always governed by an emergent
conformal symmetry - while scale and other symmetries
are still fully broken in the many-body state. The unique
role of conformal symmetry in the asymptotic dynamics
can be seen by considering the transformation in Eq. (2).
For scale invariant interactions (defined in Sec. II), the
unitary evolution of the fermion field operator, ψσ(r, t),
is governed by
∂tψσ(r, t) = i [H,ψσ(r, t)] . (3)
3Eq. (3) remains invariant in the transformed space-time
defined by Eq. (2). That is, the properly transformed
field operator, ψσ(r
′, t′), obeys the identical dynamic
equation, with the same scale invariant Hamiltonian, Hs,
re-expressed in terms of the field-operator: ψσ(r
′, t′).
In Fig. (1), we illustrate the relation between the
original space-time geometry and the conformally trans-
formed space-time structure defined in Eq. (2). The
important feature is that the whole spatial space at
t = ∞ is completely compactified into the single point
(x′ = 0, t′ = 1). This effectively converts all the long
time dynamics of the quantum system at t → ∞, into
the equivalent dynamics in the vicinity of t′ = 1, in
the transformed geometry. This drastic compactifica-
tion offers a simple qualitative picture of the long time
asymptotic dynamics. Namely, since under the trans-
formation the scale invariant Hamiltonian, Hs, remains
invariant, it does not depend on t′ explicitly after the
transformation. The unitary evolution in the vicinity of
t′ = 1 in the transformed coordinates effectively has lit-
tle dependence on (1 − t′), the distance from t′ = 1, as
U(t′) = exp(iHst′) ≈ U(t′ = 1) + O(1 − t′). Since the
unitary evolution freezes out near t′ = 1 or t → ∞, the
dynamics of local observables are simply related to repa-
rameterization of the spatial coordinates suggested by
the transformation given in Eq. (2). It then follows that
properties such as the total thermodynamic entropy will
saturate, or equivalently, the entropy production rate will
rapidly approach zero.
We shall remark that this line of argument depends
crucially on the underlying scale symmetry of the Hamil-
tonian, and thus is only valid if and only if we are deal-
ing with a scale invariant fixed point Hamiltonian. If the
Hamiltonian is not scale invariant, and the interactions
deviate from the fixed point value, the Hamiltonian in
the transformed coordinates, H ′(t′), will have explicit
dependence on t′. There are two situations that can
occur. If the unitary evolution U(t′), or the action of
Hamiltonian H ′(t′), is still analytical near t′ = 1, then
U(t′) ≈ U(t′ = 1) +O(1− t′), and the long time dynam-
ics will still be constrained by an emergent conformal
symmetry. However, if instead the action of the time de-
pendent Hamiltonian, H ′(t′), is singular near t′ = 1 and
U(t′) is not analytic at t′ = 1, then the effect of the devia-
tion from the scale invariant fixed point is relevant in the
long time dynamics, as a small change in t′ near t′ = 1
is expected to result in a non-perturbative change in the
unitary evolution. Below we will discuss consequence of
the non-perturbative singular effects in the context of el-
liptic flow and entropy production. One can find related
more discussions on classifications of irrelevant and rele-
vant operators via the beta-function method in Ref. [38].
In this article we prove that there is an emergent con-
formal symmetry, and show that our geometrical descrip-
tion is valid by means of exact symmetry arguments and
the m-body density matrix. This approach is microscopic
and will clearly elucidate the features of conformal and
scale symmetry on the long time dynamics of quantum
systems with scale invariant Hamiltonians. The remain-
der of this article is organized as follows.
In section II, we review the general concepts of scale
and conformal transformations, and define the respec-
tive symmetries associated with these transformations.
In addition, we introduce the concept of conformal tower
states, which are a set of many-body states whose tem-
poral evolution is equivalent to a time dependent rescal-
ing, and whose existence is guaranteed by the scale and
conformal symmetries. In section III, we construct the
density matrices for quench dynamics utilizing these con-
formal tower states. In Sec. IV, we show that although
the initial quantum state can break all of the symme-
tries, rotational, scale, and conformal, we find that at
long times, the density matrix will be asymptotically con-
formal invariant, or equivalently, will be an eigenfunction
of the generator of conformal transformations with zero
eigenvalue. In Sec V, we discuss how the dynamics of
the density matrices are modified by explicitly breaking
the scale invariance of the Hamiltonian. In this case, we
focus on Hamiltonians that are singular near t′ → 1, as
the dynamics of such a system are non-trivial compared
to their scale invariant counterpart.
We follow these formal discussions with a practical
investigation of the hydrodynamic flow of the three-
dimensional unitary Fermi gas, Sec. VI. We show that
the elliptic and compressional hydrodynamic flows de-
pend on the inter- and intra-conformal tower interference,
respectively. Our microscopic approach is then compared
to the general hydrodynamics phenomenologies discussed
previously [9, 13, 15, 37].
We finish our discussions in Sec. VII by examining the
time evolution of the thermodynamic entropy. In partic-
ular, we show there is a one-to-one correspondence be-
tween the entropy production and the explicit breaking of
the emergent conformal symmetry due to a deviation of
the interaction from its scale invariant value. Our stud-
ies hence suggest that the entropy production rate can be
used to parametrize the breaking of conformal symmetry.
We then present our final conclusions in Sec. VIII.
II. SCALE AND CONFORMAL SYMMETRY
We begin our discussions by reviewing the definitions
of scale and conformal transformations. In quantum me-
chanics, a continuous transformation is performed by
means of a unitary operator:
UG(λ) = e
−iGλ, (4)
where λ is a generalized angle that parametrizes the mag-
nitude of the transformation, and G is a Hermitian oper-
ator known as the generator of the transformation. For
scale and conformal transformations, the generators are
respectively given by:
4-1 t→ ∞t→ -∞ t
x
t→ -1 + 0+ t→ ±∞, t' = 1 t→ -1+0-, t' → ∞t'
x'
a) b)
Figure 1: The action of conformal transformation on a space-time grid. a) Horizontal (vertical) lines in the grid
represent equal-space (equal-time) lines with constant intervals in space (time), before the transformation. b) The
space-time grid after the conformal transformation with λ in Eq. (2) set to be −1. This geometry, defined by Eq. (2)
can be obtained by cutting the space-time grid along the t = −1 (see the red dashed lines in a)) line to create two
separate time domains [−∞,−1− 0+] and [−1 + 0+,∞], and then swapping the two domains - transporting
t = −1 + 0+ to t′ = −∞ and t = −1 + 0− to t′ = +∞. This results in t = +∞ (now t′ = 1− 0+) being to the left of
t = −∞ line (now as t′ = 1 + 0+). As one can see, all the equal-x lines in a) are converted into straight lines emitted
from the point (t′ = 1, x′ = 0). Consequently, all the long time dynamics t→ ±∞ are compactified near t′ ≈ 1 in
the transformed space-time geometry.
D =
∫
dr ψ†σ(r)[−i
d
2
+ r · p]ψσ(r)
C =
∫
dr ψ†σ(r)
r2
2
ψσ(r), (5)
where ψσ(r) is the field operator for a fermion with spin,
σ, which satisfies the anti-commutation relation:
{
ψ†σ(r), ψσ′(r
′)
}
= δσ,σ′δ(r− r′). (6)
Under these transformations, the field operator trans-
forms as:
UD(λ)ψσ(r)U
†
D(λ) = e
−λd/2ψσ(e−λr),
UC(λ)ψσ(r)U
†
C(λ) = e
−ir2/2ψσ(r),
(7)
where d is the dimension of the system.
In order to see how these transformations affect the
dynamics, it is necessary to consider how the time
evolved field operators transform under scale and con-
formal transformations. To do this, consider a system of
fermions with short ranged s-wave interactions in d spa-
tial dimensions. This system can be accurately modelled
by the following Galilean invariant effective theory:
H[g(Λ),Λ] =
∑
σ
∫
Λ
dr ψ†σ(r)
(
p2
2
)
ψσ(r)
+
1
2
g(Λ)
∑
σ
∫
Λ
dr ψ†σ(r)ψ
†
−σ(r)ψ−σ(r)ψσ(r),
(8)
where the Hamiltonian is specified by Λ, the ultra violet
cut-off, and g(Λ), the corresponding interaction constant.
Here we note that all integrations are restricted such that
r > Λ−1. For the remainder of the discussion, the spin
indices will not play an important role, and will be sup-
pressed.
Before one can discuss how scale and conformal trans-
formations affect the dynamics of the field operator, it
is important to note that this Hamiltonian is renormal-
izable. One can formulate the theory at different scales,
Λ, without changing the physical properties of the sys-
tem, if we rescale g(Λ) accordingly. The change in the
Hamiltonian, or equivalently g(Λ), is characterized by
the renormalization equation (RG) flow of the equivalent
Hamiltonians, H[g(Λ),Λ], defined at different scales, Λ
[39, 40].
The flow of the coupling constant is intimately con-
nected to how the Hamiltonian changes under scale trans-
formations. To describe the flow of the coupling constant,
it is necessary to examine the dimensionless coupling:
g˜(Λ) = Cdg(Λ)Λ
d−2, (9)
where Cd is a constant that depends on the dimension,
d. The change of the dimensionless coupling constant as
a function of Λ is given by the beta-function:
5dg˜(Λ)
d ln Λ
= β(g˜(Λ)) = (d− 2)g˜(Λ) + g˜2(Λ), (10)
where the second equality is the result for our effective
model, Eq. (8) [38, 40]. If β(g˜(Λ)) vanishes, the coupling
constant does not change under a rescaling of the ultra
violet cut-off. At this so called fixed point, the system
is scale invariant, as the Hamiltonian is invariant under
a rescaling of Λ → e−λΛ. We denote the scale invariant
value of the coupling constant as g˜(Λ) = g˜∗, and the scale
invariant Hamiltonian as: H[g˜∗,Λ] = Hs.
In the context of cold gases, there are two scale in-
variant fixed points. These correspond to the non-
interacting, and resonantly interacting fixed points. In
terms of the dimensionless coupling constant, these two
points respectively correspond to:
g˜∗ = 0 g˜∗ = 2− d. (11)
Both of these fixed points can be achieved thanks to the
presence of a Feshbach resonance.
The stability of these fixed points to perturbations de-
pends on the derivative of the beta function, β′(g˜∗). If
β′(g˜∗) < 0, the perturbation is relevant, and it drives the
system away from scale invariance as one lowers the UV
cut-off. In the opposite limit, β′(g˜∗) > 0, the perturba-
tion is irrelevant, and the thermodynamics are governed
by the scale invariant fixed point. In Fig. (2), we illus-
trate these features near the resonant fixed point for the
three dimensional Fermi gas, g˜∗ = −1. The shaded re-
gion represents the area where the physics is governed by
the scale invariant point, g˜∗, while the non-shaded region
represents the area where the physics will deviate, and
eventually flow into the other fixed point.
One important consequence of fine tuning the Hamil-
tonian to a scale invariant fixed point is that a hidden
symmetry emerges. This hidden symmetry can be seen
by noting that the commutators between the scale invari-
ant Hamiltonian, Hs, and the generators of scale, D, and
conformal, C, transformations form a closed algebra:
[Hs, C] = −iD [D,Hs] = 2iHs [D,C] = −2iC. (12)
These commutators are known as the conformal algebra,
and form a representation of the group SO(2,1) [25, 41].
Using the so(2,1) algebra, Eq. (12), it is possible to
understand how the time dependent field operator:
ψs(r, t) = e
iHstψ(r)e−iHst, (13)
transforms under scale and conformal transformations.
The results for scale and conformal transformations, re-
spectively, are given by:
UD(λ)ψs(r, t)U
†
D(λ) = e
−λ d2ψs(r′ = re−λ, t′ = te−2λ),
UC(λ)ψs(r, t)U
†
C(λ) =
1
(1− λt)d/2 exp(−i
r2
2
λ
1− λt )
ψs(r
′ =
r
1− λt , t
′ =
t
1− λt ). (14)
As one can see, the transformed field operators, Eq. (14),
are consistent with Eqs. (1) and (2).
Similarly, it is possible to show that the equation of
motion:
∂tψs(r, t) = i [Hs, ψs(r, t)] , (15)
is left invariant under scale and conformal transforma-
tions, if one uses the coordinates, (r′, t′), defined in
Eqs. (1), and (2). To see this, consider:
∂tUC(λ)ψs(r, t)U
†
C(λ) = iUC(λ) [Hs, ψs(r, t)]U
†
C(λ)
∂tUD(λ)ψs(r, t)U
†
D(λ) = iUD(λ) [Hs, ψs(r, t)]U
†
D(λ).
(16)
With the aid of Eqs. (12) and (14), Eq. (16) can be re-
duced to:
∂t′ψs(r
′, t′) = i [Hs, ψs(r′, t′)] , (17)
where Hs is defined in terms of the field operator,
ψs(r
′, t′), and r′ and t′ are the transformed coordinates
given by either Eqs. (1) or (2). Therefore the Heisenberg
equation of motion for quantum systems with scale in-
variant Hamiltonians possesses both scale and conformal
symmetry. This is the meaning of Fig. (1), the Heisen-
berg equation of motion is equivalent in both the original
and transformed space-time geometries. For a full proof
of the invariance of the equation of motion under scale
and conformal transformations, see Appendix A.
For the remainder of our discussions, we choose to work
with a representation of the so(2,1) algebra in terms of
differential operators. This can be done by noting that
the infinitesimal generators in differential form can be
defined as:
Uα(λ)ψs(r, t)U
†
α(λ)|λ→0 = (1 + λGα)ψs(r, t) + ... (18)
where α = D,Hs, C. The result is:
GHs = ∂t,
GD[∂r, ∂t] = 2t∂t +
d
2
+ r · ∂r,
G±C [∂r, ∂t] = t
2∂t + t
(
d
2
+ r · ∂r
)
± ir
2
2
. (19)
6g
* g(Λ)
n
g
(Λ)
μa) b)
I
II
Figure 2: Thermodynamics near a strong coupling fixed point. n is the density, and g˜(Λ) is the dimensionless
interaction constant. a) The shaded region in the n− g˜(Λ) plane represents the space where the thermodynamics is
governed by the scale invariant point, g˜∗. In this region, the effect of breaking scale invariance is perturbative, and
the thermodynamics are dictated by the scale invariance at g˜∗. The non-shaded area represents a weakly interacting
system. For cold atoms this corresponds to a dilute gas of either atoms or molecules. The arrows along the g˜(Λ) axis
indicate the renormalization group flow out of the unstable fixed point g˜∗. For three dimensional cold gases, this
corresponds to the unitary scale invariant fixed point, g˜∗ = −1. b) A schematic of the RG flow of the chemical
potential, µ, and g˜(Λ) around the point, (µ = 0, g˜(Λ) = g˜∗). The n = 0 line in a) is mapped onto the red line in the
µ− g˜ plane. This line is the critical line, separating the vacuum from finite density quantum gas phases. The solid
black line represents the smooth change of chemical potential of a quantum gas with a fixed density, as the
interaction is increased from weak (left hand side) to strong (right hand sign) across the vertical axis of g˜ = g˜∗. The
transition along trajectory I belongs to free-fermion universality class, while trajectory II belongs to the free boson
class. The point (µ = 0, g˜∗) separates these two classes (and appears to be multiple critical in this plane). This
point is the strong coupling fixed point which we focus on. It further exhibits SO(2, 1) conformal symmetry and
dictates non-equilibrium dynamics in the near vicinity as discussed below.
Note that the ± in the generator of conformal transfor-
mations denote how the annihilation operator, ψs(r, t)
(with negative ”charge”), and the creation operator,
ψ†s(r, t) (with positive ”charge”), transform. As can
be readily checked, the operators, iGHs , iG
±
C and iGD
form a representation of the so(2,1) algebra, and satisfy
Eq. (12).
In this article, there are two important consequences
of the SO(2,1) symmetry that we will exploit. The
first concerns the spectrum of the oscillator Hamiltonian:
Hs + ω
2C, where we will set ω to be unity for the re-
mainder of the discussions. This Hamiltonian describes
strongly interacting particles further confined in a har-
monic potential. As reviewed in Appendix B, the spec-
trum of the oscillator Hamiltonian can be decomposed
into a number of sets of states, where each state within
a set is equally spaced from the next by two harmonic
oscillator units. Each set is called a conformal tower,
and can be labelled by the total number of particles, and
the angular momentum quantum number, l, (we will ig-
nore the azimuthal quantum number, m). The conformal
tower state, and energy are given by:
(Hs + C)|Oln〉 = Eln|Oln〉 Eln = 2n+ El0. (20)
The ground state energy of a given conformal tower, El0,
depends on the scaling dimension of a primary operator
[28, 41]. These primary operators are discussed further
in Appendix B.
The second feature of the SO(2,1) symmetry is con-
cerned with the dynamics of these conformal tower states.
Consider how a conformal tower state, |Oln〉, with energy
Eln, evolves under the unitary evolution of a scale invari-
ant Hamiltonian:
|Oln〉(t) = e−iHst|Oln〉. (21)
One can show using the so(2,1) algebra that these time
evolved conformal tower states are the instantaneous
eigenstates of a time dependent harmonic oscillator:
Eln|Oln〉(t) = (H˜s + C˜)|Oln〉(t), (22)
where H˜s + C˜ is given by:
H˜s + C˜ = (1 + t
2)[Hs(p− rt
1 + t2
, r) +
C
(1 + t2)2
], (23)
and we have explicitly illustrated the scale invariant
Hamiltonian’s dependence on the momentum operator,
p, and position operator, r.
The result here indicates that at arbitrary time, t,
the time evolved conformal tower state, |Oln〉(t) will be
7an eigenstate of the instantaneous Hamiltonian HI(t) =
Hs(p, r) + C(r)[1 + t
2]−2, up to an overall gauge, with
the eigenvalue equal to Eln/(1 + t
2). Alternatively, one
can define a set of generalized conformal coordinates, p˜, r˜,
such that:
H˜s + C˜ = Hs(p˜, r˜) + C(r˜)
p˜ =
√
1 + t2(p− rt
1 + t2
) r˜ =
r√
1 + t2
.
(24)
The full derivation of Eq. (24) is given in Appendix C.
Eqs. (23) and (24) state two important intimately con-
nected aspects of conformal tower state dynamics. One
is that the dynamics of a conformal tower state is com-
pletely confined to the eigenstate subspace defined by
the instantaneous Hamiltonian above. That is the in-
stantaneous Hamiltonian, HI(t), effectively projects out
a trajectory or path in the Hilbert space along which
the many-body unitary evolution occurs. The second
feature is that there are a set of convenient generalized
conformal coordinates where the instantaneous Hamilto-
nian appears to be time independent and static. This
possibility is directly and closely related to the space-
time transformation described in the introduction, and
in Fig. (1).
Consequently, the many-body state, up to a gauge
transformation, maintains its spatial profile in the gen-
eralized conformal coordinates, and its dynamics is fully
characterized by a space-time coordinate reparametriza-
tion (see below). This result can also be obtained using
a wave function method, or by gauge potentials [42–45].
This is the main reason to study the dynamics using the
conformal tower basis. The conformal towers naturally
encode the most elementary time dependent dynamics,
allowing one to separate and focus on other more subtle
dynamics such as interference effects.
III. DENSITY MATRICES AND CONFORMAL
TOWER STATES
In this article, we will develop a microscopic approach
to understand the dynamics of scale invariant and nearly
scale invariant systems, by employing them-body density
matrix:
Pm({r1i},{r2i}, t) =
〈ψ0|eiHt
m∏
i=1
ψ†(r2i)
m∏
i=1
ψ(r1i)e
−iHt|ψ0〉. (25)
Here we note that |ψ0〉 is the initial state, and for nearly
scale invariant systems, H, the total Hamiltonian of
the system, can be expanded around the scale invariant
Hamiltonian: H = Hs + V , for some perturbation, V .
We restrict ourselves to a physical situation where the
initial N -particle state is spatially localized so that the
state can be conveniently expanded in terms of local con-
formal tower states |Oln〉, n, l = 0, 1, 2, ... defined by the
strongly interacting oscillator Hamiltonian Hs +C. This
can be achieved in cold gases via laser confinement; again
the harmonic frequency has been set to one for simplicity.
The main observation one can make using the con-
formal tower states is that the dynamics of the density
matrix has a highly generic form:
Pm({r1i}, {r2i}, t) =
∑
n,l;n′,l′
ρl,l
′
n,n′({r1i}, {r2i}, t)Γl
′,l
n′,n(t).
(26)
where:
ρl,l
′
n,n′({r1i}, {r2i}, t) = 〈Oln|
m∏
i=1
ψ†s(r2i, t)
m∏
i=1
ψs(r1i, t)|Ol′n′〉,
Γl
′,l
n′,n(t) = 〈Ol
′
n′ |UI(t)|ψ0〉〈ψ0|U†I (t)|Oln〉.
(27)
The unitary evolution operator, UI(t), is defined as:
UI(t) = e
iHste−iHt = T exp
(
−i
∫ t
0
dt′ VI(t′)
)
, (28)
with T being the time ordering operator, and:
VI(t) = e
iHstV e−iHst. (29)
Eq. (26) effectively separates the conformal symmet-
ric dynamics from other contributions which potentially
break conformal symmetries. The conformal invariant
contribution is encoded in ρl,l
′
n,n′({r1i}, {r2i}, t) which are
defined in terms of the conformal tower states, and are
independent of the initialization at t = 0 (which usually
break all symmetries) and V , the deviation from the fixed
point Hamiltonian, Hs. The effects of symmetry break-
ing, either due to the initial conditions or due to the sym-
metry breaking interactions, are addressed by Γl
′,l
n′,n(t).
In the next two sections, we will examine the scale in-
variant dynamics, and the consequences of the explicit
symmetry breaking terms, respectively.
IV. RE-EMERGENCE OF CONFORMAL
SYMMETRY IN LONG TIME QUENCH
DYNAMICS
In the previous section we showed that it is possible
to separate the dynamics governed by the scale invariant
Hamiltonian, from the explicit symmetry breaking terms.
In this section we will focus on the dynamics exactly at
the fixed point, H = Hs with V = 0, and investigate the
8density matrix dynamics using the approach outlined in
the previous section.
First, we will illustrate the general structure of the den-
sity matrix ρl,l
′
n,n′ defined explicitly in terms of conformal
tower states
ρl,l
′
n,n′({r1i}, {r2i}, t) = 〈Oln|
m∏
i=1
ψ†s(r2i, t)
m∏
i=1
ψs(r1i, t)|Ol′n′〉,
(30)
and how the SO(2,1) symmetry affects the dynamics.
As discussed in Appendix D, it is possible to use the
differential representation of the so(2,1) algebra, Eq. (19),
to obtain a first order partial differential equation for
ρl,l
′
n,n′({r1i}, {r2i}, t):
0 =
[
(1 + t2)∂t + t
m∑
i=1
(r1i · ∂r1i + r2i · ∂r2i + d)
+ i
m∑
i=1
r′22i − r21i
2
− i(Eln − El
′
n′)
]
ρl,l
′
n,n′({r1i}, {r2i}, t).
(31)
Substituting Eq. (31) into Eq. (26) and taking the long
time limit, one can show that the m-body density matrix
satisfies the following differential equation:
0 =
[
m∑
i=1
(
G+C [∂r2i , ∂t] +G
−
C [∂r1i , ∂t]
)− (2m− 1)t2∂t]
Pm({r1i}, {r2i}, t),
(32)
where G±C is the generator of conformal transformations,
defined in Eq. (19). Note that we are considering the
fixed point Hamiltonian, Hs, with V = 0. The Γ matrix
is time independent, which leads to the above long time
dynamics.
Eq. (32) states that at long times, the m-body den-
sity matrix for scale invariant fixed point interactions is
an eigenfunction of the generator of conformal transfor-
mations, with zero eigenvalue. Therefore, the m-body
density matrix must be left invariant under conformal
transformations in the long time limit. Equivalently, one
can show that the m-body density matrix must satisfy:
Pm({r1i}, {r2i}, t) = 1
(1− λt)dm
ei
1
2
∑
i(r
2
2i−r21i) λ1−λt
Pm
(
{ r1i
1− λt}, {
r2i
1− λt},
t
1− λt
)
,
(33)
in the long time limit, for arbitrary λ.
This is an intriguing result, as one would naively ex-
pect the scale symmetry to be present in the long time
limit, along with conformal symmetry. However, this cal-
culation shows explicitly that only conformal symmetry
re-emerges in the long time limit. In addition, since the
generators of conformal and scale transformations do not
commute, it is generally impossible for a non-trivial den-
sity matrix to exhibit both symmetries in the long time
dynamics. One can show that unless the density matrix
is time independent, or there is no outward mass flow
in space, scale and conformal symmetries are mutually
exclusive. As we will discuss below, the re-emergence of
conformal symmetry in Eq. (33) will restrict the possible
dynamics of the system, appreciably.
V. THE ACTION OF BREAKING SCALE
SYMMETRY
In the previous section we focused primarily on the role
of the SO(2,1) symmetry on the dynamics of systems with
scale invariant interactions, and the emergence of confor-
mal symmetry in the long time limit. In this section,
we extend our analysis to the vicinity of the fixed point
Hamiltonian, and consider H = Hs+V . We will examine
how the dynamics are modified when scale invariance is
explicitly broken by the interaction Hamiltonian. This is
tantamount to analyzing the matrix Γl
′,l
n′,n(t), defined in
Eq. (28). The symmetry breaking perturbation V was
also analyzed previously in Ref. [38]. Here we briefly
summarize the results on V , and focus on the dynamics
of a m-body density matrix.
We begin by examining how the perturbation, V ,
changes under a scale transformation. For our effective
model, Eq. (8), the perturbation can be shown to be pro-
portional to:
V = (g(Λ)− g∗(Λ))
∫
dr ψ†(r)ψ†(r)ψ(r)ψ(r)
=
1
ξ−β′(g˜∗(Λ))
1
Λd−2−β′(g˜∗(Λ))
sign [g(Λ)− g∗(Λ)]
∫
dr ψ†(r)ψ†(r)ψ(r)ψ(r) (34)
where ξ is the correlation length. For cold gases the
length scale ξ can be substituted for the d-dimensional
scattering length, which parametrizes the strength of the
interactions. Using this result one can show that under
a scale transformation, the perturbation transforms as:
V → e−(2+β′(g˜∗))λV (35)
Eq. (35) states that the scaling dimension of the pertur-
bation is 2 + β′(g˜∗). For this reason we define the shift
in the scaling dimension as:
α = −β′(g˜∗). (36)
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Figure 3: Schematic of dynamics near an a) unstable
and b) stable scale invariant fixed point, in the t− g˜(Λ)
plane. Here we focus on the asymptotic long time
dynamics where t 1, to avoid issues due to the
initialization of the quantum state. In the shaded areas,
the dynamics are governed by the emergent conformal
symmetry. a) For an unstable fixed point, the region
governed by the conformal symmetry is essentially the
short time limit. For long times, the effect of the
interaction becomes more dominating, and the emergent
conformal symmetry will be broken, which is
represented by the non-shaded region. In this regime
the dynamics will be modified by a non-trivial time
dependence, which depends on how the perturbation
changes under a scale transformation, see Eq. (34). The
arrows show the renormalization group flow out of the
unstable fixed point. For three dimensional cold gases,
this point corresponds to the resonant scale invariant
fixed point. b) For a stable fixed point, any small
perturbation will vanish in the long time limit. As a
result, the long time dynamics will be governed by the
emergent conformal symmetry. For three dimensional
atomic systems, this point corresponds to the
non-interacting limit.
For perturbations with α < 1, the effect of the per-
turbation will vanish in the long time limit. As a result,
the dynamics are controlled by the scale invariant fixed
point, g˜∗. In the case α ≥ 1, the interactions become rel-
evant in the long time limit, and perturbation theory will
break down after a certain time, and a non-perturbative
solution is needed. Both these situations are explicitly
shown in Fig. (3). The shaded regime is where perturba-
tion theory and the conformal dynamics are valid.
For the remainder of this article we will focus on un-
stable fixed points with α ≥ 1, as the dynamics will be
modified by a non-trivial time dependence, in compari-
son to when the Hamiltonian has scale invariance. In this
case, a non-perturbative solution for the unitary evolu-
tion operator exists in the long time limit:
UI(t 1) = exp
(
−i t
α−1
α− 1
1
ξα
V˜
)
, (37)
where:
V˜ = Λ2−α−d
∫
Λ
dr ψ†(r)ψ†(r)ψ(r)ψ(r),
V˜n′,l′;n,l = e
−i(Eln−E′l
′
n )pi/2δl,l′〈Ol′n′ |V |Oln〉. (38)
Note when α = 1, UI(t 1) = exp[−i ln tξ V˜ ].
Eq. (37) implies that in the long time limit the matrix
Γ(t), defined in Eq. (27), satisfies:
∂
∂tα−1/ξα
Γ(t) = −i
[
V˜ ,Γ(t)
]
. (39)
Since the derivative in the left hand side of Eq. (39) is
taken with respect to tα−1/ξα, it stands to reason that:
Γ(t) = Γ
(
tα−1
ξα
)
. (40)
This feature is robust and depends only on the renormal-
ization group flow, and the universal scaling property of
the perturbation operator, V , as it depends only on the
basic symmetries and the dimensionality of the system.
The microscopic details of the dynamics are encoded in
the universal, dimensionless and regularized matrix, V˜ ,
defined in Eq. (38). This matrix is the natural exten-
sion of the thermodynamic contact to a contact matrix
[46, 47].
The fact that the SO(2,1) symmetry is explicitly bro-
ken means a source term will appear in Eq. (32). The
modified differential equation for the density matrix in
the long time limit is:
[
m∑
i=1
(
G+C [∂r2i , ∂t] +G
−
C [∂r2i , ∂t]
)− (2m− 1)t2∂t]
Pm({r1i}, {r2i}, t)
=
t(α− 1)
ξα
∂
∂ξ−α
Pm({r1i}, {r2i}, t). (41)
Note for the case α = 1, the source term is proportional
to t/(ξ ln(t)). For a detailed derivation of Eq. (41), see
Appendix D.
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It is important to note that the condition for a relevant
perturbation in thermodynamics is distinctly different in
comparison to dynamics. A perturbation is relevant to
the thermodynamics if α ≥ 0, and to the dynamics if
α ≥ 1. This is because the thermodynamics and dynam-
ics are governed by two different symmetries. In thermo-
dynamics, it is the scale invariance, or scale symmetry,
which defines the universal equation of states [48]. One
only needs to consider how a perturbation rescales under
a scale transformation to ascertain its relevancy, which is
usually done via a standard scaling analysis. For quan-
tum dynamics, it is conformal symmetry which defines
the large scale - long time properties. This difference
leads to the shift of the critical scaling dimension of the
perturbation. In Fig. (4), we compare the relevancy of a
perturbation to the resonant fixed point to the thermody-
namics and dynamics of a d-dimensional atomic gas. As
one can see, for dimensions ≤ 2d ≤ 4 the perturbation to
a strong coupling fixed point discussed above is relevant
to the thermodynamics. As a result, the fixed point we
have associated with g˜∗ is infra-red unstable (for the case
d = 2, the perturbation is marginally relevant). However
for dynamics, the perturbation becomes relevant when
d ≥ 3, with d = 3 as the critical dimension where the
perturbations are dynamically marginally relevant. For
3 > d > 2, the perturbation, V , is thermodynamically
relevant but dynamically irrelevant.
Around the free fermion fixed point, with g˜∗ = 0, the
situation is different. The free theory in d = 3 is an infra-
red stable fixed point, so that any perturbation around
it is both thermodynamically and dynamically irrelevant.
That is, deviations from scale invariance will not affect
the long time emergent conformal symmetry, even if the
Hamiltonian weakly break the scale symmetry (see dis-
cussions in Fig. (3)).
The same analysis can be carried out below two spatial
dimensions, where there is a strong coupling fixed point
at g˜ = 2 − d(> 0). In the case d = 1, all deviations, or
perturbations, to this fixed point are irrelevant, i.e the
strongly interacting fixed point is both thermodynami-
cally and dynamically infra-red stable. From this point
of view, conformal dynamics in one spatial dimension are
more robust than the three dimensional dynamics which
we focus on in this article.
This section concludes our formal discussions of the
density matrix. When the system has a scale invari-
ant Hamiltonian, we exploited the consequences of the
SO(2,1) - conformal symmetry, and its resultant confor-
mal tower states on the dynamics of the density matrix.
We have also classified dynamically relevant and irrele-
vant perturbations which break the scale symmetry ex-
plicitly. The result of this analysis is a partial differential
equation describing the dynamics of the density matrix:
Eq. (41). In the following discussions, we will use the
m-body density matrix to investigate the manifestations
of the emergent conformal symmetry, and its breaking,
on the dynamics of many body systems.
3d=2 4
RelevantIrrelevant
Dynamics
Thermodynamics
3d=2 4
Relevant
Figure 4: Relevancy of perturbations to the resonant
fixed point, valid for 2 < d < 4. The top line gives the
condition for relevancy to the dynamics, while the
bottom line is for thermodynamics. Perturbations to
the strong coupling fixed point are relevant for d > 2 for
thermodynamics, and d > 3 for dynamics. The reason
for the discrepancy is that the thermodynamics are
governed by scale symmetry, while the dynamics are
governed by conformal symmetry.
t =∞, t'=1t'
x'
Figure 5: Quench space-time geometry. Due to the
emergent conformal symmetry, the physics in both the
original, and the above space-time are equivalent. All
the long time dynamics of local observables can be
determined by determining the dynamics for t′ ≈ 1.
VI. SIGNATURES OF CONFORMAL TOWERS
IN HYDRODYNAMIC FLOWS
We begin by discussing the emergent conformal sym-
metry and its breaking on the hydrodynamic flows of the
three dimensional unitary Fermi gas. We consider a three
dimensional Fermi gas initially placed in a harmonic trap,
either isotropic or anisotropic. At t = 0, the trap is re-
leased, while the resonant interactions are maintained.
This was done experimentally in Refs. [3, 4, 7, 9, 15] and
analysed using a variational solution for the hydrody-
namic equations of motion. Although the hydrodynamic
approach can accurately describe the experiment, it is a
phenomenological approach that does not explicitly high-
light the effect of the emergent conformal symmetry and
its breaking.
In this section we will examine the expansion dynamics
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using the reduced one-body density matrix, as this ap-
proach will explicitly elucidate the role of the emergent
conformal symmetry, and its breaking. As discussed in
the introduction, this conformal symmetry states that
the physics will be identical in a modified space-time ge-
ometry. For the quench experiment, this modified space-
time geometry is shown in Fig. (5). One can again see
that the long time dynamics can be understood by taking
the limit t′ → 1, and then transform back to the original
coordinates (r, t). We will exploit this fact to determine
the asymptotic long time behaviour of the expansion dy-
namics.
In order to study the expansion dynamics, we intro-
duce the moment of inertia tensor:
Ii,j(t) = 〈rirj〉(t) =
∫
dr rirjP1(r, r, t) i, j = x, y, z,
(42)
where P1(r, r, t) is the one-body reduced density matrix.
In Eq. (42), the positions of the ith particle are mea-
sured with respect to the center of mass of the gas. For
an initial state which is time-reversal invariant, the cen-
ter of mass coordinate will remain at the origin for all
times. For the remainder of our discussions we will fo-
cus on quantum states which are initially time-reversal
invariant.
In general, this tensor can be decomposed into two
pieces which are labelled by how they transform under
rotations:
Ii,j =
1
3
〈r2δi,j +Qi,j〉(t)
〈Qi,j〉(t) =
∫
dr (3rirj − r2δi,j)P1(r, r, t) (43)
The first term in Eq. (43), 〈r2〉(t), is the monopole mo-
ment which is isotropic; i.e. it carries angular momen-
tum, l = 0. The second piece, 〈Qi,j〉(t), is a traceless
symmetric tensor, known as the quadrupole moment,
which carries angular momentum, l = 2. We will focus
on both the monopole and quadrupole moments, and see
how the conformal symmetry and its breaking affect the
long time dynamics.
A. Expansion Dynamics for the Scale Invariant
Fermi Gas
We begin by considering the expansion dynamics of a
Fermi gas at resonance, i.e. V = 0 or ξ = ∞. At time
t = 0, the gas is released from the trap, and the dynamics
are governed by a scale invariant Hamiltonian, Hs. We
can then utilize the SO(2,1) symmetry to write down a
differential equation for the moment of inertia tensor. To
do this, we note that the moment of inertia depends on
the one-body density matrix which is subject to Eq. (32)
in the long time limit. Utilizing the SO(2,1) symmetry,
one can show that the moment of inertia tensor must
satisfy:
((1 + t2)∂t − 2t
)
Ii,j(t) =∑
n,l;n′,l′
i(Eln − El
′
n′)
∫
dr rirjρ
l,l′
n,n′(r, r, t)Γ
l′,l
n′,n(0).
(44)
The first line describes the long time limit and is the
result of the emergent conformal symmetry, while the sec-
ond describes the leading long time corrections. Taking
the long time limit, one can evaluate Eq. (44) exactly to
obtain:
Ii,j(t) =
(
t
t0
)2
Ii,j(t0) t, t0  1. (45)
Therefore, conformal symmetry requires that the mo-
ment of inertia tensor be proportional to t2 in the long
time limit. In this limit, the dynamics are equivalent to
a time dependent rescaling; understanding the moment
of inertia at one point in time guarantees knowledge at
future times.
The leading correction to the moment of inertia tensor
will depend on the initial conditions, Γ(0). In particular,
there are two main cases one can consider: the expansion
from an isotropic trap, and from an anisotropic one.
1. Leading Long Time Correction for Isotropic Expansion
Flow
For expansions from an isotropic trap, the initial
Hamiltonian possesses SO(2,1) symmetry, and as a re-
sult rotational symmetry. Therefore, angular momen-
tum is a good quantum number throughout the whole
expansion. We will focus on systems that are initially
isotropic, so that we only need to consider the coupling
between states in the s-wave conformal tower. In this
case, the quadrupole moment will vanish for all times,
and one only needs to focus on the monopole moment.
There are two generic types of initial conditions one
can prepare for an isotropic trap. The first is a uni-
tary Fermi gas prepared in equilibrium, or equivalently
in an exact conformal tower state. In these cases the
matrix, Γ(0), will be diagonal. In particular, for ther-
mal equilibrium, the initial conditions have the form:
Γ(0)l
′,l
n′,n = δ0,lδl,l′δn,n′e
−Eln/T0 , where T0 is the initial
temperature of the system. In this case, there is no in-
terference between the conformal tower states, and the
solution for the monopole moment is:
〈r2〉(t) = 〈r2〉(0) (ω2t2 + 1) . (46)
Eq. (46) is exact at all times.
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In the long time limit 〈r2〉(t) ∝ t2 as required by con-
formal symmetry. We define the coefficient of propor-
tionality to be v2, where we call v the relative velocity:
v = lim
t→∞
√
〈r2〉(t)
〈r2〉(0)t2 , (47)
For the case of a system initially placed in thermal equi-
librium, the relative velocity is pinned to the trap fre-
quency. This is a consequence of the Feynman-Helmann
theorem, or equivalently, the SO(2,1) symmetry. We fi-
nally note that all information of the initial conditions,
such as initial temperature and the Fermi energy, are
contained in 〈r2〉(0).
A second more general class of initial conditions can be
prepared by taking a non- or weakly-interacting Fermi
gas at temperature, T0, and quenching it to unitarity.
In this case, the initial conditions will be a non-trivial
superposition of resonant s-wave conformal tower states.
In this case, there will be interference from states within
the s-wave conformal tower, but each conformal tower
will be decoupled from another. In this case, one can
show that the long time dynamics follow:
〈r2〉(t→∞) ≈ (v2t2 +B) 〈r2〉(0). (48)
where B is a constant that depends on the interference
between states within a single conformal tower. For an
explicit expression, see Appendix E. The relative veloc-
ity will also depend on the interference of the confor-
mal tower states. In particular, one can show using the
Heisenberg equations of motion for the monopole mo-
ment that the relative velocity can be written as:
v =
√
2〈Hs〉
〈r2〉(0) . (49)
2. Leading Long Time Correction for Elliptic Flow
Consider an anisotropic trap, with frequencies ωi, with
i = x, y, z. Since the initial trap is anisotropic, the
SO(2,1) symmetry is initially broken. As a result, the
initial state will be projected into a number of different
conformal towers, and it is impossible to prepare a di-
agonal ensemble in the conformal tower basis. In this
case, the expansion dynamics will have non-vanishing
monopole and quadrupole moments. The dynamics of
the monopole moment will be identical to the isotropic
case. In this section, we will focus on the dynamics of
the quadrupole moment.
The quadrupole moment will still satisfy Eq. (44). In
the long time limit, the quadrupole moment must be pro-
portional to 〈Qi,j〉(t) ∝ t2, due to the conformal symme-
try. The relative velocities will differ for different direc-
tions, resulting in what is known as elliptic flow. The
key difference between the isotropic compressional flow
from the anisotropic elliptic flow is in the leading order
correction to the conformal dynamics. To see this, note
that:
∫
dr Qi,j ρ
l,l′
n,n′(r, r, t) ∝ δl,l′=l±2. (50)
Eq. (50) follows from Wigner-Eckhardt theorem, and
states that the quadrupole moment will couple different
conformal towers together: l′ = l± 2. This is in contrast
to the compressional flow, where the monopole moment
does not couple different conformal towers together.
As seen in Appendix E, this inter-tower interference
leads to a correction to the dynamics that is linear in
time:
〈Qi,j〉(t→∞) ≈
(
v2i,jt
2 +Ai,jt+Bi,j
)
, (51)
where v2i,j , Ai,j and Bi,j are traceless, symmetric tensors.
Note that Ai,j depends only on the inter-tower interfer-
ence, and is unique to elliptic flow, while Bi,j will depend
on both inter- and intra-tower interference.
In the presence of azimuthal symmetry along the z-
direction, we can further reduce Eq. (51) to:
〈Qi,j〉(t) = 3Q(t)(eziezj −
1
3
δij)
Q(t→∞) ≈ v2Qt2 +AQt+BQ. (52)
with constants v2Q, AQ, and BQ depending on the initial
conditions, and ez is the unit vector along z-axis. This re-
sult describes elliptic flow of scale invariant interactions,
elongated along the z direction.
B. Expansion Dynamics for Nearly Scale Invariant
Systems
The previous discussions were focused on the dynam-
ics of the Fermi gas at resonance, when the interaction
Hamiltonian is scale invariant. Here we turn to the vicin-
ity of the fixed point, and turn on a small deviation, V .
We assume that the scattering length is large but finite,
∞ > ξ  1. For three-dimensional Fermi gases, one can
show that α = 1. Therefore, the scale invariant dynamics
will be modified by a function of ln(t)/ξ. The dynamics
for the monopole and quadrupole moments will have the
form:
〈r2〉(t→∞) ≈ v2
(
ln(t)
ξ
)
t2 +B
(
ln(t)
ξ
)
〈Qi,j〉(t→∞) ≈ v2i,j
(
ln(t)
ξ
)
t2 +Ai,j
(
ln(t)
ξ
)
t
+Bi,j
(
ln(t)
ξ
)
, (53)
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where all the constants (tensors) are now functions of
ln(t)/ξ.
In the presence of azimuthal symmetry, we can again
reduce the quadrupole moment to a form equivalent to
Eq. (52). However, now the function, Q(t), is modified
by the breaking of scale invariance:
Q(t→∞) ≈ v2Q
(
ln(t)
ξ
)
t2+AQ
(
ln(t)
ξ
)
t+BQ
(
ln(t)
ξ
)
.
(54)
As in the previous case, v2Q, AQ, and BQ, are now all
functions of ln(t)/ξ.
C. Comparison to Variational Hydrodynamics
In Ref. [15], the expansion dynamics of the Fermi
gas were studied for the resonant, and nearly resonant
Fermi gas. In their work they prepared the Fermi gas
in an anisotropic harmonic trap, and examined the el-
liptic flow. In a similar fashion, consider an azimuthally
symmetric harmonic potential with frequencies ω⊥ in the
x − y plane, and ωz in the z-direction. We parametrize
the elliptic flow by examining the aspect ratio: the ratio
of the moment of inertias in the z-direction, and a given
direction in the x − y plane, say the x-direction. Using
Eq. (43), one can see that:
Ii,j(t) =
1
3
〈r2δi,j +Qi,j〉(t);
〈r2〉(t) ≈ (v2t2 +B) 〈r2〉(0),
〈Qi,j〉(t) = 3Q(t)(eziezj −
1
3
δij) (55)
where Q(t) ≈ v2Qt2 +AQt+BQ as defined before, and
i = x, y, z. As seen in Eqs. (43) and Eq. (52), the moment
of inertia is a diagonal matrix with two distinct eigenval-
ues in the case of azimuthal symmetry, rather than three
as in most generic cases. One can show that the asymp-
totic dynamics for the the aspect ratio will have the form:
Ix,x(t)
Iz,z(t)
=
〈r2〉(t)−Q(t)
〈r2〉(t) + 2Q(t)
≈ v
2〈r2〉(0)− v2Q
v2〈r2〉(0) + 2v2Q
−
(
AQ
v2〈r2〉(0)− v2Q
+
2AQ
v2〈r2〉(0) + 2v2Q
)
1
t
.
(56)
As one can see, the aspect ratio must saturate to a fi-
nite value in the long time limit as a direct consequence
of conformal symmetry. The aspect ratio approaches a
constant value with a correction of order O(t−1) which
we associate with the inter-tower interference effects be-
tween conformal tower states.
In Ref. [15], the authors performed a similar ex-
periment, and examined the aspect ratio due to the
anisotropy in the x − y plane. They observed that the
growth of the aspect ratio slowed down, but the satura-
tion was not explicitly confirmed. However, the t2 de-
pendence of the monopole moment was confirmed. If the
experiment was repeated, and the expansion dynamics
were tracked for longer times, the saturation of the as-
pect ratio will be more visible; this is a signature of the
emergent conformal symmetry in elliptic flow.
The early hydrodynamical approach [15, 37] and their
results are consistent with our general density matrix
approach. The consistency justifies various assumptions
previously made in obtaining the variational solutions to
the hydrodynamics equations. The density matrix ap-
proach here, on the other hand, illustrates explicitly the
role of the re-emergent conformal symmetry, and the re-
lationship between the leading long time correction and
the interference between conformal tower states.
VII. THERMAL ENTROPY IN ASYMPTOTIC
DYNAMICS
A. Conformal Symmetry and Entropy
Conservation
We now turn to another physical quantity, the thermal
entropy. Let us consider a Fermi gas of N particles ini-
tially localized in space. As a result, the initial state can
be expanded in terms of conformal towers and we again
use Γl,l
′
n,n′(0) represent a general mixture. The thermal
entropy of a Fermi gas of N particles is given by:
S(t) = −Tr [PN logPN ] , (57)
where logPN is the logarithm of the N -body density ma-
trix defined via:
PN = e
logPN =
∞∑
n=0
1
n!
(logPN )
n. (58)
In addition, it is possible to define an entropy density:
S(r, t) = −
∫ N∏
i=1
dr1i dr2i δ(r− r1i=1)
PN ({r1i}, {r2i}, t) logPN ({r2i}, {r1i}, t) (59)
We begin our discussion by considering the dynamics
of the entropy density when the Hamiltonian is scale in-
variant. Using the SO(2,1) symmetry, one can show that
the emergent conformal symmetry restricts the entropy
density. In fact, as seen in Appendix F, one can show
that the entropy density satisfies the following continu-
ity equation:
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∂tS(r, t) + ∂r · [ tr
1 + t2
S(r, t)] = 0. (60)
In the long time limit, this differential equation reduces
to:
[G+c [∂r, ∂t] +G
−
c [∂r, ∂t]− t2∂t]S(r, t) = 0 (61)
which indicates the entropy density field shall be an
eigenstate of the conformal generator with zero eigen-
value. That is the solution to this equation has to be
conformal invariant and hence satisfies the following iden-
tity
S(r, t) =
1
(1− λt)dS(
r
1− λt ,
t
1− λt ) (62)
for arbitrary λ.
Eq. (60) explicitly asserts that the entropy is overall
conserved:
∂tS(t) = 0. (63)
This can be understood in two ways. The first was men-
tioned in the introduction. Conformal symmetry means
that the dynamics of the system are equivalent in both
space-time geometries represented in Fig. (1). The long
time dynamics of the entropy is equivalent to the dy-
namics near t′ ≈ 1 in the modified space-time geometry.
Since the entropy is a dimensionless quantity, we expect
the entropy to simply saturate. To see this clearly, we
note that conformal symmetry implies:
S(t) = S
(
t′ =
t
1− λt
)
, (64)
for arbitrary λ. One can see that the entropy must be
a constant function of t, and hence is conserved. The
second more microscopic explanation is that during the
expansion dynamics, the probability of the system being
in a given dynamically evolving conformal tower state is
conserved. As a result, the entropy must saturate to a
finite value. In fact, the density matrix Γ, spanned over
the conformal tower states, doesn’t have any dynamics
in the long time limit, when the Hamiltonian is scale
invariant; so for a mixture, thermal or not, the entropy is
always strictly conserved. This microscopic consideration
naturally leads to the concept of conformal cooling, which
we will discuss in the next subsection.
B. Conformal Cooling As a Result of Conformal
Symmetry
In this subsection, we will establish that the entropy
conservation in the unitary time evolution of a scale in-
variant Hamiltonian naturally leads to the notion of con-
formal cooling, which distinctly differs from more con-
ventional adiabatic cooling that usually involves losses
of internal energy. We present our analysis for the case
when the initial quantum state is an equilibrium state
of Hs + C, with an initial temperature T0. This can
be achieved by confining a gas in a harmonic potential
(where again we have set the harmonic frequency to be
unity). For this initial state, the Γ matrix is diagonal
and time independent:
Γl
′,l
n′,n = Nδn,n′δl,l′ exp(−
Eln
κT0
), (65)
where N is a normalization factor, and κ is Boltzmann’s
constant.
At t = 0, the trapping potential is turned off, and the
gas expands in the presence of scale invariant interac-
tions, i.e. the unitary evolution is governed by the scale
invariant Hamiltonian, Hs.
The dynamics of the m-body reduced density matrix,
Pm(t) are governed by the following equation, valid for
arbitrary t:
0 =
[
(1 + t2)∂t + t
m∑
i=1
(r1i · ∂r1i + r2i · ∂r2i + d)
+ i
m∑
i=1
r′22i − r21i
2
]
Pm({r1i}, {r2i}, t). (66)
In the long time limit, this differential equation again
reduces to the form in Eq.(32).
For simplicity, we will consider the one-particle den-
sity matrix, which has the following form suggested by
the invariance of the density matrix under a conformal
transformation, see Eq. (66 ):
Pm=1(r1, r2; t) =
1
(1 + t2)d/2
exp
[
i
r21 − r22
2
t
1 + t2
]
P 0m=1(
r1
(1 + t2)1/2
,
r2
(1 + t2)1/2
) (67)
Now the initial density matrix is given by:
P 0m=1(r1, r2) = P
eq
m=1(r1, r2;T0). (68)
The reparameterization of the spatial coordinates in
Eq. (67) suggests that at time t the density matrix (up
to the gauge factor) must maintain an equilibrium form
with a rescaled harmonic frequency:
Pm=1(r1, r2; t) = ...
P eqm=1(
r1
(1 + t2)1/2
,
r2
(1 + t2)1/2
;
T0
1 + t2
· (1 + t2)) (69)
where we use ... to represent the gauge term which plays
no role in the remainder of our discussion. Eq. (69) is
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t
T0
En
l(t)
Figure 6: The time dependence of the temperature
compared to the time dependence of the eigenvalues of
an instantaneous Hamiltonian: HI(t), see main text.
The eigenvalues are given by: Eln(t) = E
l
n/(1 + t
2),
shown in blue, while the temperature:
T (t) = T0/(1 + t
2), is shown in red. As a result, the
Boltzmann weight for a given conformal tower state is a
conserved quantity - leading to the conservation of
entropy for scale invariant systems.
identical to an equilibrium density matrix for an instan-
taneous Hamiltonian, HI(t) = Hs + C(1 + t
2)−2, at a
rescaled temperature:
T (t) =
T0
1 + t2
→ T0
t2
as t→∞ (70)
As a result, the entropy is conserved because the
time dependence of the eigenvalues of the instantaneous
Hamiltonian HI(t) (i.e. E
l
n(t) = E
l
n/(1 + t
2)), is equiva-
lent to the time dependence of the temperature. This is
shown explicitly in Fig. (6). The fact that the temper-
ature evolves like the instantaneous eigenvalues of HI(t)
implies that the Boltzmann weight of the instantaneous
conformal tower states associated with HI(t), is an in-
variant:
exp(− E
l
n
κT0
) = exp(−E
l
n(t)
κT (t)
), (71)
We denote this as conformal cooling, i.e. cooling in a
pure statistical sense from a conformal-tower-state point
of view. This cooling is due to the compression of the con-
formal tower spectra of the instantaneous, HI(t), in the
energy space as t increases. It is worth re-emphasizing
that the interacting many-body system here is simply un-
dergoing a unitary evolution, defined by the scale invari-
ant Hamiltonian, Hs, without any other physical confin-
ing potentials. As was discussed previously, the dynamics
of the system can be fully mapped onto the adiabatic dy-
namics characterized by the instantaneous Hamiltonian
HI(t) - although HI(t) involves a fictitious time depen-
dent confining potential. The instantaneous conformal
tower state basis provides the most convenient repre-
sentation for dynamics. We refer the reader to Sec. II
for more discussions on HI(t) and the conformal tower
states.
Entropy conservation, and consequentially, conformal
cooling in a freely expanding interacting gas are highly
surprising, given that the free expansion of a classi-
cal thermal gas (into a vacuum) always involves non-
equilibrium states that result in entropy production, as
we have been taught in elementary thermal physics. On
the other hand, it illustrates that in the quantum dy-
namics, scale invariant interactions enforce that at time
t the dynamical state is effectively an equilibrium state of
an instantaneous Hamiltonian, HI(t). Hence, it is pos-
sible to introduce an equations of state to characterize
the dynamics. This is what the zero entropy production
directly implies in our case.
In addition, the conformal cooling is an energy con-
served process, which is fundamentally different from the
adiabatic expansion in thermal physics, where a thermal
gas cools during expansion because of performing work
on its environment, and hence looses internal energy. For
this reason, we denote this unitary evolution as confor-
mal cooling to distinguish from cooling in more tradition
sense.
C. Entropy Production and Conformal Symmetry
Breaking
When the scale symmetry of the interactions is explic-
itly broken, the broken SO(2,1) symmetry will lead to a
source term in the entropy density. Following Appendix
F, one finds:
[
G+c [∂r, ∂t] +G
−
c [∂r, ∂t] − t2∂t
]
S(r, t)
=
t
ξ ln(t)
∂
∂ξ−1
S(r, t). (72)
Equivalently, the total entropy will satisfy:
∂tS(t) =
1
ξt ln(t)
∂
∂ξ−1
S(t). (73)
Eq. (73) implies that S(t, ξ−1) = S(ln(t)/ξ). For small
ξ−1, one can expand Eq. (73) as:
∂tS(t) =
1
tξ
∂S
∂x
∣∣∣∣
x=0
+
ln(t)
tξ2
∂2S
∂x2
∣∣∣∣
x=0
+ ... (74)
where x = ln(t)/ξ. For initial conditions which are time
reversal invariant, the matrix Γ(0) will be an orthogo-
nal matrix. In this case, one can show that the linear
term must vanish. As a result the entropy production is
proportional to:
16
∂tS(t) ≈ ln(t)
tξ2
∂2S
∂x2
∣∣∣∣
x=0
(75)
As the entropy production will vanish when the Hamilto-
nian has SO(2, 1) conformal symmetry, and the entropy
density field is conformal invariant, the entropy produc-
tion acts as a parameter categorizing conformal symme-
try breaking. As one can see, for scale invariant systems,
the entropy production rate will vanish, while it must be
an explicit function of tα−1/ξα for systems with explicitly
broken scale symmetry.
The long time result should be contrasted to the short
time behaviour. For initial conditions that respect time
reversal symmetry, the entropy must be an even func-
tion of time: S(t) = S(−t). As a result, the short time
entropy production rate must be proportional to t2.
Finally, we note that in the case of isotropic expansion
or compressional hydrodynamic flow the entropy produc-
tion rate can be directly linked to the bulk viscosity, ζB ,
[49]. As a by-product, one can show that the entropy
production rate is given by:
∂tS(t) = − 9
T0
∫
dr ζB(r, t). (76)
Using this relationship, and Eq. (75), we obtain a result
for the spatially averaged bulk viscosity:
∫
dr ζB(r, t) ≈ −T0
9
ln(t)
tξ2
∂2S
∂x2
∣∣∣∣
x=0
. (77)
VIII. CONCLUSION
In this work we showed that for Galilean and scale
invariant Hamiltonians, the long time dynamics are gov-
erned by an emergent conformal symmetry, see Eq. (32).
This emergent conformal symmetry is robust as it de-
pends on a hidden SO(2,1) symmetry and the resultant
invariance of the equation of motion, and is independent
of the initial state, which will usually break all the sym-
metries.
This analysis was carried out using the m-body den-
sity matrix. The density matrix technique is microscopic,
and clearly elucidates the role of the emergent conformal
symmetry on the dynamics of atomic systems with scale
invariant Hamiltonians. This is in contrast to hydrody-
namical phenomenologies which rely on inputs of hydro-
dynamic coefficients from other separate calculations, or
assumptions of the existence of equation of states in non-
equilibrium dynamics. Using this approach we examined
how the conformal symmetry restricted the dynamics of
atomic systems. In particular we examined the dynamics
of two physical quantities: the moment of inertia tensor,
and the thermodynamic entropy. For the moment of in-
ertia, we showed that the emergent conformal symmetry
results in Eq. (45). Similarly, the conformal symmetry
dictates that the thermal entropy must saturate in the
long time limit, Eq. (60).
In addition to these results, we were able to discuss
the effect of broken scale invariance near resonance for
the three dimensional unitary Fermi gas. In this case,
we showed that the dynamics are modified by a non-
trivial time dependence of the form ln(t)/ξ. In addition,
we showed in Eq. (73) that there is an one-to-one corre-
spondence between entropy production and broken scale
invariance in the long time limit.
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from National Science and Engineering Research Coun-
cil of Canada (Contract No. 288179). F.Z. would like to
thank Ian Affleck, Leon Balents, Gordon Semenoff, Gora
Shlyapnikov, and Congjun Wu for useful discussions.
Appendix A: Invariance of the Equation of Motion
In this appendix we show that the equation of motion:
∂tψs(r, t) = i [Hs, ψs(r, t)] , (A.1)
is left invariant under scale and conformal transforma-
tions. Here ψs(r, t) = e
iHstψ(r)e−iHst is the time depen-
dent field operator, and Hs is the scale invariant Hamil-
tonian. The scale invariant Hamiltonian, and the gener-
ators of scale (D) and conformal (C) transformations are
given by:
Hs =
∫
drψ†(r)
(
p2
2
)
ψ(r)
+
1
2
∫
drdr′ψ†(r)ψ†(r′)Vs(r− r′)ψ(r′)ψ(r)
D =
∫
dr ψ†(r)
(
r · p− id
2
)
ψ(r)
C =
1
2
∫
dr r2ψ†(r)ψ(r). (A.2)
In Eq. (A.2), VS(r), is a scale invariant two-body po-
tential, and ψ(r) is the second quantized field operators
satisfying the anti-commutation relation:
{ψ(r), ψ†(r′)} = δ(r− r′). (A.3)
Here we have suppressed the spin indices as they are
irrelevant to the following discussions.
Consider a general scale (conformal) transformation.
A scale (conformal) transformation is enacted by the
unitary operator: UD,(C)(λ) = e
−iλD(C), where λ is a
quantity that parametrizes the extent of the transfor-
mation. Using UD,(C)(λ), one can show that the trans-
formed equation of motion is given by:
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∂tUD,(C)(λ)ψs(r, t)U
†
D,(C)(λ) =
i
[
UD,(C)(λ)HsU
†
D,(C)(λ), UD,(C)(λ)ψs(r, t)U
†
D,(C)(λ)
]
.
(A.4)
In order to evaluate Eq. (A.4), it is necessary to see how
both the field operator, as well as the Hamiltonian trans-
forms under scale and conformal transformations. To
facilitate this calculation, it is important to note the fol-
lowing commutators:
[Hs, C] = −iD [D,Hs] = 2iHs [D,C] = −2iC,
(A.5)
Using this algebra, one can show that the field operators
transform as:
UD(λ)ψs(r, t)U
†
D(λ) = e
−λ d2ψs(r′ = re−λ, t′ = te−2λ),
UC(λ)ψs(r, t)U
†
C(λ) =
1
(1− λt)d/2 exp(−i
r2
2
λ
1− λt )
ψs(r
′ =
r
1− λt , t
′ =
t
1− λt ), (A.6)
while the Hamiltonian changes as:
UD(λ)HsU
†
D(λ) = e
−2λHs
UC(λ)HsU
†
C(λ) =
1
(1− λt)2Hs +
λ
1− λtD(t) + λ
2C(t)
(A.7)
where Hs, C(t), and D(t), in the conformally trans-
formed Hamiltonian are written in terms of the opera-
tors: ψs(r
′, t′), and r′ = r/(1− λt), t′ = t/(1− λt).
Substituting Eqs. (A.6) and (A.7) into Eq. (A.4) one
can show that the equation of motion reduces to:
∂t′ψs(r
′, t′) = i [Hs, ψs(r′, t′)] . (A.8)
Eq. (A.8) is equivalent to the original, untransformed,
equation of motion. Therefore the equations of mo-
tion for a quantum system governed by a scale invariant
Hamiltonian are invariant to both scale and conformal
transformations.
Appendix B: Existence of Conformal Towers
In this appendix, we consolidate the discussions of con-
formal symmetry which were presented in Ref. [41]. In
particular, we review how the conformal symmetry guar-
antees that the eigenstates of a quantum system are or-
ganized into sets of evenly spaced states.
The conformal symmetry is summarized by the com-
mutators defined in Eq. (A.5). As can be seen the three
operators, Hs, C, and D, form a closed group, the confor-
mal, or SO(2,1), group, if the Hamiltonian is rotationally
invariant and scale invariant.
Next consider a class of operators that satisfy:
[D,O] = i∆OO, and [C,O] = 0. For our context, this
class of operators are called primary operators. For a
full definition and discussion, see Ref. [41]. Here we show
that:
|ψ〉 = e−Hs/ωO|vac〉, (B.1)
is an eigenstate of the Hamiltonian Hs + ω
2C, where
|vac〉 is the vacuum state, and ω is the harmonic trapping
frequency. To see that |ψ〉 is an eigenstate of Hs + ω2C,
consider:
(Hs + C)|ψ〉 = e−Hs(Hs + eHsCe−Hs)O|vac〉, (B.2)
where we have set the trap frequency, ω, to unity. Using
the identity:
eHsCe−Hs = C + [Hs, C] +
1
2
[Hs, [Hs, C]] + .... (B.3)
the commutation relations contained in Eq. (A.5), and
the definition of O, one obtains:
(Hs + C)|ψ〉 = e−Hs(C − iD)O|vac〉
= ∆O|ψ〉. (B.4)
Therefore, |ψ〉 is an eigenstate of Hs+C, with eigenvalue
∆O. This is true for any primary operator, O.
To generate the remaining spectrum of a conformal
tower, we can define the operators:
L± = Hs − C ± iD, (B.5)
which satisfy:
[L−, L+] = 4(Hs + C) [L±, Hs + C] = 2L±. (B.6)
These operators L± behave identically to the ladder
operators for a non-interacting harmonic oscillator, ex-
cept they raise and lower the energy by two harmonic
units. As can be shown using the above commutation
relations, the state |ψ〉 is the lowest state within a con-
formal tower. To obtain the remaining states within a
conformal tower, one simply needs to apply the raising
operator to the state |ψ〉.
Another important question is how to label the confor-
mal towers. For this task, it is necessary to find operators
that commute with L±. Two such operators are the total
particle number, N , and the angular momentum, Li. For
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this reason, the conformal towers can be labelled by the
total particle number of a given conformal tower state,
and its angular momentum.
This shows that the spectrum of a conformally sym-
metric quantum system can be decomposed into a series
of conformal towers. The states in each tower are evenly
spaced by two harmonic units.
Appendix C: Conformal Towers and Dynamics
In this appendix we show the use of applying the con-
formal tower states to the study of dynamics. Consider
a given state: |ψ0〉 that is unitarily time evolved by a
nearly scale invariant Hamiltonian, H = Hs + V , where
Hs is the scale invariant Hamiltonian, and V is some ex-
plicit perturbation that breaks the scale symmetry. The
dynamics of the quantum state is given by:
|ψ(t)〉 = e−iHt|ψ0〉
= e−iHsteiHste−iHt|ψ0〉
= e−iHstU(t)|ψ0〉, (C.1)
where we have defined:
U(t) = eiHSte−iHt
= T exp
(∫ t
0
dt′ VI(t′)
)
. (C.2)
In Eq. (C.2) T is the time ordering operator and VI(t)
is the deviation from scale invariance in the interaction
picture:
VI(t) = e
iHstV e−iHst. (C.3)
Now insert a complete set of eigenstates for the Hamil-
tonian Hs + C, |Oln〉, the many body conformal tower
states:
|ψ(t)〉 =
∑
n,l
e−iHst|Oln〉〈Oln|U(t)|ψ0〉. (C.4)
The value of this basis can be seen by examining the
state |Oln(t)〉 = e−iHst|Oln〉. Following the previous dis-
cussions, we act the Hamiltonian, Hs + C, on this state
to show:
e−iHst(Hs + C)|Oln〉 = Enl |Oln(t)〉
= e−iHst(Hs + C)eiHst|Oln(t)〉
(C.5)
This can once again be solved exactly by using the com-
mutation relationships in Eq. (A.5):
e−iHst(Hs + C)|Oln〉 =
(
(1 + t2)Hs − tD + C
) |Oln(t)〉,
(C.6)
Although this may look like an arbitrary operator we
note that under the substitution:
p˜ =
√
1 + t2(p− rt
1 + t2
) r˜ =
r√
1 + t2
, (C.7)
one obtains the final result:
e−iHst(Hs + C)|Oln〉 = (H˜s + C˜)|Oln(t)〉 = Eln|Oln(t)〉.
(C.8)
Eq. (C.8) states that the eigenstates of Hs + C, when
time evolved by the scale invariant Hamiltonian, Hs, will
be instantaneous eigenstates of a harmonic oscillator that
is defined in terms of the coordinates in Eq. (C.7).
The usefulness of the conformal tower states is that
their dynamics are perfectly adiabatic, i.e. a trivial time
dependent rescaling. For example, if you prepare a scale
invariant system in a conformal tower state, the problem
can be seen as static in terms of the coordinates defined
in Eq. (C.7). This is exactly the situation for a non-
interacting Gaussian wave packet. The wave function
maintains its shape, although it is a large superposition
of plane wave states.
For a more physical interpretation of these conformal
tower states, it was shown in Ref. [38] that the dynamics
could be understood in an expanding, non-inertial, refer-
ence frame, or comoving frame for short. In this frame,
a fictitious harmonic oscillator potential is present. The
eigenstates of the Hamiltonian in the comoving frame are
nothing more than the conformal tower states.
For systems that break scale invariance, it is necessary
to also consider the matrix elements of VI(t) on conformal
tower states:
〈m|VI(t)|n〉 = 〈m(t)|V |n(t)〉. (C.9)
This will produce a time dependence to the interaction.
It was shown in Ref. [38], that the effects of this explicit
breaking of scale invariance on the long time dynamics
can be evaluated for three dimensional Fermi gases near
resonance. In this case one finds:
U(t 1) = e−i 1ξ ln(t)V˜ (C.10)
where ξ is the scattering length, and V˜ is a dimensionless,
universal, matrix, that depends only on the number of
particles.
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Appendix D: Structure of the Density Matrix
In this appendix, we derive the properties of the den-
sity matrix for a quantum system governed by a Hamil-
tonian that is either or nearly scale invariant. Here we
consider the m-body density matrix:
Pm({r1i},{r2i}, t) =
〈ψ0|
m∏
i=1
ψ†(r2i, t)
m∏
i=1
ψ(r1i, t)|ψ0〉, (D.1)
where i = 1, 2, ...N , and the field operators are defined
as:
ψ(r, t) = eiHtψ(r)e−iHt. (D.2)
Here we note that the Hamiltonian is given by:
H = Hs + V, (D.3)
where Hs is the resonant scale invariant Hamiltonian,
and V is an explicit symmetry breaking term.
Again it is possible to use the interaction picture to
separate the scale invariant dynamics from the dynamics
governed by the symmetry breaking terms:
Pm({r1i}, {r2i}, t) =
〈ψ0|U†(t)
m∏
i=1
ψ†s(r2i, t)
m∏
i=1
ψs(r1i, t)U(t)|ψ0〉, (D.4)
where U(t) is defined in Eq. (C.2), and the field operators
are now defined in terms of the scale invariant Hamilto-
nian:
ψs(r, t) = e
iHstψ(r)e−iHst. (D.5)
Inserting two complete sets of conformal tower states
allows one to separate the scale invariant motion from
the terms that break the scale invariance:
Pm({r1i}, {r2i}, t) =
∑
n,l;n′,l′
ρl,l
′
n,n′({r1i}, {r2i}, t)Γl
′,l
n′,n(t)
Γl
′,l
n′,n(t) = 〈Ol
′
n′ |U(t)|ψ0〉〈ψ0|U†(t)|Oln〉
ρl,l
′
n,n′({r1i}, {r2i}, t) =
〈Oln|
m∏
i=1
ψ†s(r2i, t)
m∏
i=1
ψs(r1i, t)|Ol′n′〉.
(D.6)
Let us begin by focusing on the scale invariant piece,
ρl,l
′
n,n′({r1i}, {r2i}, t). We can use the fact that the confor-
mal tower states, |Oln〉, are eigenstates of Hs +C, where
the trap frequency is set to unity, to obtain the following
identity:
ρl,l
′
n,n′({r1i}, {r2i}, t) = e−i(E
l
n−El
′
n′ )λ·
〈Oln|ei(Hs+C)λ
m∏
i=1
ψ†s(r2i, t)
m∏
i=1
ψs(r1i, t)e
−i(Hs+C)λ|Ol′n′〉.
(D.7)
This transformation should not effect the form of
ρl,l
′
n,n′({r1i}, {r2i}, t) as it is nothing more than the iden-
tity. Therefore, we can obtain the condition:
∂
∂λ
ρl,l
′
n,n′({r1i}, {r2i}, t) = 0
= −i(En − Em)ρl,l
′
n,n′({r1i}, {r2i}, t)
+ i〈Oln|eiHst
[
Hs + C(t),
m∏
i=1
ψ†(r2i)
m∏
i=1
ψ(r1i)
]
e−iHst|Ol′n′〉,
(D.8)
where
C(t) = e−iHstCeiHst
= C −Dt+ t2Hs. (D.9)
Using Eq. (A.5), and the commutators,
[D,ψ(r)] = i
(
r · ∂r + d
2
)
ψ(r)
[C,ψ(r)] = −r
2
2
ψ(r)
[D,ψ†(r)] = i
(
r · ∂r + d
2
)
ψ†(r)
[C,ψ†(r)] =
r2
2
ψ†(r), (D.10)
it is possible to evaluate Eq. (D.8), and to obtain a dif-
ferential equation that ρl,l
′
n,n′({r1i}, {r2i}, t) must satisfy:
0 =
[
(1 + t2)∂t + t
m∑
i=1
(r1i · ∂r1i + r2i · ∂r2i + d)
+ i
m∑
i=1
r22i − r21i
2
− i(Eln − El
′
n′)
]
ρl,l
′
n,n′({r1i}, {r2i}, t).
(D.11)
In the long time limit, the last term of Eq. (D.11) can
be neglected. The remaining terms are nothing more
than the generator of conformal transformations. As a
result, ρl,l
′
n,n′ is an eigenfunction of the conformal gener-
ator with zero eigenvalue. Therefore the scale invariant
20
piece of the density matrix will be invariant under con-
formal transformations:
ρl,l
′
n,n′({r1i}, {r2i}, t) = eiCλρl,l
′
n,n′({r1i}, {r2i}, t)e−iCλ
=
1
(1− λt)dm e
i
2
∑
i(r
2
2i−r21i) λ1−λt e−i(E
l
n−El
′
n′ ) arctan(t)
ρl,l
′
n,n′
(
{ r1i
1− λt}, {
r2i
1− λt},
t
1− λt
)
, (D.12)
Consequently, the full m-body density matrix for a scale
invariant system will satisfy:
0 =
[
t2∂t + t
m∑
i=1
(r1i · ∂r1i + r2i · ∂r2i + d)
+ i
m∑
i=1
r22i − r21i
2
]
Pm({r1i}, {r2i}, t)
− i
∑
n,l;n′,l′
(Eln − El
′
n′)ρ
l,l′
n,n′({r1i}, {r2i}, t)Γl
′,l
n′,n(0).
(D.13)
To obtain the above result, note that Γl
′,l
n′,n(t) is time inde-
pendent for scale symmetric Hamiltonians, see Eq. (D.6).
Taking the long time limit, one can show that Eq. (D.13)
reduces to the generator of conformal symmetry:
0 =
[
t2∂t+ t
m∑
i=1
(r1i · ∂r1i + r2i · ∂r2i + d)
+i
m∑
i=1
r22i − r21i
2
]
PN ({r1i}, {r2i}, t) (D.14)
As a result, the m-body density matrix will be an eigen-
function of the generator of conformal transformations
with zero eigenvalue, and will be a conformally invariant
function.
With the dynamics of the scale invariant piece of the
density matrix determined, we can now address the dy-
namics of a nearly scale invariant system. Such a study
is tantamount to examining the matrix, Γl
′,l
n′,n(t), defined
in Eq. (D.6). This matrix must satisfy the following dif-
ferential equation:
∂tΓ(t) = −i [VI(t),Γ(t)] , (D.15)
where VI(t) was defined in Eq. (C.3).
As discussed in Ref. [38], and the previous appendix,
for nearly resonant, three dimensional Fermi gases, the
matrix U(t), defined in Eq. (C.2), has the long time form:
U(t) = e−i
1
ξ ln(t)V˜ , (D.16)
where, again, V˜ is a universal, dimensionless, time in-
dependent matrix that depends only on the number of
particles, and ξ is the scattering length.
This explicit form of U(t) means that the differential
equation for Γ(t) will have the form:
∂
∂(ln(t)/ξ)
Γ(t) = −i
[
V˜ ,Γ(t)
]
. (D.17)
Eq. (D.17) implies that the Gamma matrix is a function
of ln(t)/ξ:
Γ(t) = Γ
(
ln(t)
ξ
)
. (D.18)
As a result, one can show:
t2∂tΓ(t) =
t
ξ ln(t)
∂
∂ξ−1
Γ(t). (D.19)
Eq. (D.19) allows one to write a differential equation for
the total N -body density matrix near resonance:
0 =
[
t2∂t + t
m∑
i=1
(r1i · ∂r1i + r2i · ∂r2i + d)
+ i
m∑
i=1
r22i − r21i
2
− t
ξ ln(t)
∂
∂ξ−1
]
Pm({r1i}, {r2i}, t)
− i
∑
n,l;n′,l′
(Eln − El
′
n′)ρ
l,l′
n,n′({r1i}, {r2i}, t)Γl
′,l
n′,n(t).
(D.20)
The difference between Eqs. (D.20) and (D.13) is the
presence of a source term which depends on the deriva-
tive of the m-body density matrix with respect to the
inverse of the correlation length: ξ−1.
Appendix E: Compressional and Elliptic Flow
In this appendix we give explicit expressions for the
leading long time correction for the moment of inertia
tensor in the case of compressional and elliptic flow of
a strongly interacting Fermi gas in three spatial dimen-
sions. The moment of inertia tensor is defined as:
Ii,j(t) =
∫
dr rirjP1(r, r, t), (E.1)
where P1(r, r, t) is the one body density matrix defined in
Eq. (D.1). As shown in the preceding appendix, for scale
invariant systems, there is a hidden SO(2,1) symmetry
that restricts the dynamics of the density matrix, see
Eq. (D.13). Using Eq. (D.13) we can obtain a differential
equation for the moment of inertia tensor:
21
0 =
[
(1 + t2)∂t − 2t
]
Ii,j(t)
− t2
∑
n,l;n′,l′
i
(
Eln − El
′
n′
)∫
dr rirj ρ
l,l′
n,n′(r, r, 0)Γ
l′,l
n′,n(0),
(E.2)
where we have neglected the symmetry breaking terms,
and have used the emergent conformal symmetry to
write:
ρl,l
′
n,n′(r, r, t) ≈
1
td
e−i(E
l
n−El
′
n′ ) arctan(t)ρl,l
′
n,n′
(r
t
,
r
t
, 0
)
.
(E.3)
1. Isotropic expansion Flow
In compressional flow, the dynamics are isotropic,
therefore we focus on the dynamics of 〈r2〉(t) = ∑i Ii,i(t).
The conformal symmetry requires:
〈r2〉(t) = (v2t2 +At+B) 〈r2〉(0). (E.4)
In this case one finds:
• A = 0
• B = v2 − 12F0
where:
F0 =
1
〈r2〉(0)
∑
n,n′,l
(−1)n−n′4(n− n′)2∫
dr r2ρl,ln,n′(r, r, 0)Γ
l′,l
n′,n(0). (E.5)
2. Elliptic Flow
In elliptic flow, there are both isotropic and anisotropic
contributions to the dynamics. Here we focus on the
anisotropic contributions, which are encapsulated in the
quadrupole moment:
〈Qi,j〉(t) =
∫
dr (3rirj − r2δi,j)P1(r, r, t). (E.6)
The conformal symmetry requires:
〈Qi,j〉(t) =
(
v2i,jt
2 +Ai,jt+Bi,j
)
. (E.7)
In this section, we focus on the contributions from the
the total moment of inertia during the expansion dynam-
ics. In this case one finds:
• Ai,j = F i,j2
• Bi,j = v2i,j − 12F i,j0
where:
F i,j2 =
∑
n,l′;n′,l′
(Eln − El
′
n′) sin
(
(Eln − El
′
n′)
pi
2
)
·
∫
dr (3rirj − r2δi,j) ρl,l
′
n,n′(r, r, 0)Γ
l′,l
n′,n(0)
F i,j0 =
∑
n,l′;n′,l′
(Eln − El
′
n′)
2 cos
(
(Eln − El
′
n′)
pi
2
)
·
∫
dr (3rirj − r2δi,j) ρl,l
′
n,n′(r, r, 0)Γ
l′,l
n′,n(0).
(E.8)
Appendix F: The Thermodynamic Entropy
In this appendix we examine the thermal entropy for
scale invariant systems. For a Fermi gas consisting of N
particles, the thermodynamic entropy can be written as:
S(t) = −Tr [PN logPN ]
= −
N∏
i=1
∫
dr1,i dr2,iPN ({r1,i}, {r2,i}, t)
· logPN ({r2,i}, {r1,i}, t), (F.1)
where PN is the N -body density matrix, defined in
Eq. (D.1), the integrals are over the 2N coordinates, and
logPN is the logarithm of the density matrix, defined as:
PN ({r1i}, {r2i}, t) ≡ elogPN ({r1i}, {r2i}, t)
=
∑
n
1
n!
(logPn)
n({r1i}, {r2i}, t)
(F.2)
1. Entropy Conservation for Scale Invariant
Interactions
We first consider the case where the system is evolving
under a scale invariant Hamiltonian, Hs. In this case,
the long time asymptotic behaviour of the density matrix
is governed by the emergent conformal invariance, see
Eq. (D.14). However, in order to understand the role
of conformal symmetry on the entropy, it is necessary to
consider how the logarithm of the N -body density matrix
transforms under a conformal transformation. Under a
conformal transformation, Eq. (F.2) transforms as:
22
P˜N = UC(λ)PN ({r1i}, {r2i}, t)U†C(λ) =∑
n
1
n!
UC(λ)X
n({r1i}, {r2i}, t)U†C(λ)
(F.3)
where we use the abbreviation: X = logPN , for this
section.
Let us focus on the right hand side of this equation.
Expanding out the product of matrices, one can show
that:
UC(λ)X
nU†C(λ) =
(
UC(λ)XU
†
C(λ)
)n
(F.4)
Using the definition of the conformal transformation, the
transformed logarithm of the density matrix will be given
by:
X˜ = UC(λ)X({r1i}, {r2i}, t)U†C(λ) =
1
(1− λt)dN e
i
2
∑N
i=1(r
2
2i−r21i) λ1−λt
X
( {r1i}
1− λt ,
{r2i}
1− λt ,
t
1− λt
)
.
(F.5)
It is also straightforward to show that the nth power of
X will transform in the exact same way as X itself.
Now that we know how the nth power of X transforms,
it is possible to examine Eq. (F.3). Under the conformal
transformation, we note that:
P˜N = e
X˜ , X˜ = log P˜N . (F.6)
Now we note that the N -body density matrix, PN , is a
conformally invariant function, i.e. P˜N = PN . Hence,
following Eq. (F.6), X˜ = X. Since X is also a confor-
mally invariant function, it must satisfy the same differ-
ential equation as PN , see Eq. (D.14):
0 =
[
t2∂t + t
N∑
i=1
(r1i · ∂r1i + r2i · ∂r2i + d)
+ i
N∑
i=1
r22i − r21i
2
]
X({r1i}, {r2i}, t). (F.7)
Since both the density matrix, and it’s logarithm are
eigenfunctions of the generator of conformal transforma-
tions with zero eigenvalue, it is possible to obtain a dif-
ferential equation for the entropy. Consider the thermal
entropy density defined as:
S(r, t) = −
N∏
i=1
∫
dr1i
∫
dr2iδ(r1i=1 − r)
PN ({r1i}, {r2i}, t) logPN ({r2i}, {r1i}, t). (F.8)
Using Eqs. (D.13) and (F.7), it is possible to derive an
equation of motion for the entropy density:
0 = [t2∂t + t(r · ∂r + d)]S(r, t). (F.9)
This can be re-written in a more convenient form as:
∂tS(r, t) + ∂r ·
(r
t
S(r, t)
)
= 0. (F.10)
Eq. (F.10) is nothing more than the conservation equa-
tion for the entropy density. As a result, the total thermal
entropy must be conserved:
0 = ∂tS(t), (F.11)
i.e. conformal invariance means entropy is conserved in
the long time limit.
2. Entropy Production for Systems with
Interactions Breaking Scale Symmetry
As we have seen in the previous section, there is no en-
tropy production in the long time limit for scale invariant
interactions. In this section we consider the case when
the scale symmetry is broken explicitly. As we have dis-
cussed in Appendix D, the differential equation for the
density matrix, and equivalently, the logarithm to the
density matrix, will be given by Eq. (D.20). The main
difference between the differential equation at resonance,
Eq. (D.13) and Eq. (D.20) is the presence of a source
term.
The presence of this source term will naturally lead to
the production of entropy. For three dimensional nearly
resonant Fermi gases, the equation for the entropy den-
sity becomes:
[
t2∂t + t(r · ∂r + d)− t
ξ ln(t)
∂
∂ξ−1
]
S(r, t). (F.12)
Equivalently, the total entropy will satisfy:
∂tS(t) =
1
ξt ln(t)
∂
∂ξ−1
S(t). (F.13)
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